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Abstract 



' Trace scaling automorphisms of a stable AF algebra with dimension group totally 



ordered are outer conjugate if the scaling factors are the same (not equal to one). 



^ ■ 1 Introduction 
o 

I This is a continuation of ||^ , where we showed a UHF version of a well-known result of A. 
Connes that trace scaling automorphisms of the AFD type IIoo factor with the same 
0> ■ non-trivial scale are outer conjugate with each other. In this paper we show the same 
result for stable AF algebras with totally ordered dimension group. 

The key idea remains the same as in |^ and hence as in Define and prove a 
I Rohlin property for such automorphisms and analyse them using this property. We are 



^ ■ now familiar with the unital case (see P, |l^, [T3|, |T4|, |T^). What we did in is 



c^— I ■ to evade non-unital C*-algebras and deal with partial unital endomorphisms of unital 
(UHF) algebras. What we do here is to define a suitable Rohlin property for automor- 
^ I phisms of non-unital C*-algebras and prove it. We will define it by borrowing an idea 



H ' due to R0rdam 181, where corner endomorphisms are treated, and prove it by using an 



argument in fl^, where automorphisms of unital AF algebras are treated. Our main 
contribution is to find a passage from the non-unital case to the unital case in proving 
the Rohlin property, which is done in Section 2. 

In Section 3 we shall show that our definition of Rohlin property is the right one, i.e., 
this is at least strong enough to prove the stability or 1 cohomology property |9|, p!0| . 



Note that it is this property that we actually need. 

Another idea used in p, a technique envolving tensor products, is no longer appli- 
cable here. For example if A is an AF algebra with totally ordered dimension group and 
A ^ A has the same property, then A must be UHF. However by using an intertwining 
argument we shall show that any two automorphisms a and (3 with the Rohlin property of 
an AF algebra are outer conjugate if a* and /3* are equal as automorphisms of the dimen- 
sion group. More precisely, the conclusion is that for any e > there is an automorphism 
a of A and a unitary U in A + CI (or in A if A is unital) such that ||f/ — 1|| < e and 
a = AdU o a o 13 o a~^. In general we cannot take 1 for U or cannot conclude conjugacy 
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(Note that even in the 
generated by 



of a and /3. This extends Theorem 2 of |T^ and Theorem 7 of 
UHF case the conclusion is stronger than the one in p.) 

Let A 7^ 1 be a positive number and let G\ be the subgroup of 
A"", n G Z. If A is the stable AF algebra whose dimension group is G\ and a is an 
automorphism of A such that a^, acts on the dimension group by multiplication by A, 
then from the above result the crossed product A Xq, Z depends only on A. But we have 
now a more general theorem in this direction: it follows from [|18], |Tl|, [l^ that A Z, 
being a purely infinite simple C*-algebra, is isomorphic to a stable Cuntz algebra. 



2 Rohlin property 

Let A be a non-unital C*-algebra and let a be an automorphism of A. We assume that 



A has an approximate unit consisting of projections. Based on [|18[ we define a Rohlin 
property for a as follows: 

Definition 2.1 The automorphism a has the Rohlin property if for any A; G N there are 
positive integers ki, . . . ,km > k satisfying the following condition: For any projections 
e in A , any unitary ?7 in A + CI, any finite subset oi Ae = EAE, and e > with 

e<E, AdUo a{e) < E, e G J^, AdU o a{e) G J^, 

there exists a family {cij; i = 1, . . . ,m, j = 0, . . . , fcj — 1} of projections in A such that 

E E ^ij = E, 

i j 

\\AdU o a(ejje) — Cij+iAdf/ o a;(e)|| < e, 
llk,eij]|| < e, 

for i = 1, . . . , m, j = 0, . . . , ki — 1 and x G where Ci^ki = ^ifl- The projections {ejj} 
will be called a set of Rohlin towers. 

If we apply the same definition to a unital C*-algebra A, then the Rohlin property for 
the unital case [0, |T1|, where E' = 1 = e is preassumed, implies the present definition. 



(We just have to cut down hy E a. set of Rohlin towers obtained for E = 1 = e which 
almost commutes with E, e and use functional calculus to get the desired set of Rohlin 
towers.) The following is an easy consequence whose proof we omit: 

Proposition 2.2 Suppose that there is an increasing sequence {Pn} of projections in A 
such that \\PnX — a;||^0 for any x E A and a{Pn) = Pn- Then a has the Rohlin property 
if and only if the restriction of a to Ap^ = P^APn has the Rohlin property for any n. 

We are, however, interested in the situation where the above proposition does not 
apply. 

Let A be a simple stable AF algebra and let a be an automorphism of A. Let {^4^} be 
an increasing sequence of finite-dimensional subalgebras of A such that the union U„A„ 
is dense in A. 
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Remcirk 2.3 In this situation for any e > there is a subsequence {uk} of positive inte- 
gers and a unitary f/ G A + 1 such that \\U — 1|| < e and AdU o a(Ak) C ^fc+i, {AdU o 
a)^^{Ak) C Ak+i for any k. This can be proved by using the following fact inductively: 
If 5 is a finite-dimensional subalgebra of A and e > 0, there is an n e N and a unitary 
U e A + 1 such that - 1|| < e and Ad U{B) C A„. 

Hence by slightly perturbing a and passing to a subsequence of {An} we may assume 
that a~^{An) C An+i, a{An) C An+i for any n. We fix a nonzero projection E E Ai. 

Let e be a projection in UkA^ and C/ a unitary in UfcA^ -|- CI such that e < E and 
Ad C/oQ;(e) < E. Since ^Ig = EAE is simple there is a A; e N such that e, Ad C/oQ;(e), U e 

-|- CI and the multiplication by e (resp. / = AdU o a{e)) induces an isomorphism of 
{A n A^)_E onto (A n (resp. (A fl A^) /) or the central support of e (resp. /) in {A^jE 
is We define a homomorphism 0(q;, e, U) of (^4 fl ^fc+ije into {A n ^fc)^ by 

0(q;, e, U){x)f — Ad C/ o Q;(xe) = Oi{x)f. 

This is indeed well-defined: Since 

[Ad U o Q;(xe), 6] = Ad [/ o a{[xe, (Ad [/ o q;)-^(6)]) = 

for 6 e (Ak) f — fAkf, we have that 

Ad U o a{xe) e {An A',)f = Af n {{A,)^)'. 

We note that 0(q;, e, U) is essentially independent of e and C/ in the sense that if 
0(a, ei, Ui) is another one then (f){a, e, f/) = 0(q;, Ci, C/i) on the common domain D. Be- 
cause if ei < e and Ui = U, this follows since 

(0(q;, e, C/)(x) - 0(q;, ei, C/i)(x))Ad C/ o a{ei) = 

for any x E D; if e = ei, this follows since 

{(l){a, e, U) {x) - Ad{UUl) o ^{a, e, Ui) {x))Ad U o a{e) = 

for any x e D and UU* commutes with 0(q;, e, C/i)(x); and if ei = AdF(e) and Ui — 
Ua(y*) with 1/ a unitary in UnA„ -|- CI, this follows since Ad U o a{e) = Ad Ui o a{ei). 

Thus we denote by a the homomorphism induced by these (/>(«, e,f/); this is a ho- 
momorphism of {A n into (A n A'f})E for some A;. The same computation shows 
that a maps {A fl A^+i)^ into {A fl yl^)^ for n>k. Since 0(a^\ Adf/ o a(e), a-^(t/*)) 
is well-defined if so is (j){a, e, U), q;~^ is defined at least on [A fl ^fc_,_2) e, and satisfies that 
a o a"^ — id, o a = id on (^4 fl A'i^_^2)e- A similar computation shows that (a)"' — a" 
on {An A'i)e for a sufficiently large I (depending on n). 

Let a; be a free ultrafilter on N and let A'^ be the quotient C*-algebra of /°°(N, A^;) 
by the ideal = {{xn) \ hm„^(^ ||a;„|| = 0}. Embedding Ae into /°°(N, 74^) and so into 
A% as constant functions, let Aeoj = A% fl A'^. 
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Let X — {xn) & Aeuj. Then we can find an increasing sequence {kn\ in N and x'^ e 
{Ar[A!j^jE such that /c„^oo and hm„ 

— >ui ll^n -^nll — 0" define a homomorphism o.ijj 

of Aeuj into itself by 

a^{x) = {a{x'J). 

This is indeed easily checked to be well-defined. In the same way we can define (3^^ for 
P — and show that a^; o /^u; = id and (^ui ° c^ui = id. Thus is an automorphism of 

Aeu}- 

Let r be a densely-defined non-zero lower semi-continuous trace on A and assume that 
r is unique up to a constant multiple. Since r o a is again such a trace, there is a A > 
such that T o a = \r. Wc normalize r by t{E) = 1. We can define a state r^^ on Aeuj by 
Tuj{x) = lim r(a;„) for x = {xn) & Aeoj- Note that r^, is tracial. We shall show that r^^ is 
invariant under a^^. 

Let ) G Aeui, where a;„ G (A fl Ak^)'^ for some non- decreasing sequence {kn} 

with kn—^oo. If a = (j){a, e, U) on {A fl A'^j^^)e, {Pi ; i = 1, . . . , A^} is the set of minimal 
projections in the center of EAk+iE, and kn > k + 1, then 

TV 
i=l 

which, when n is large, is almost equal to 

since r is factorial. Thus we obtain that t^^ o = t^- 

Without loss of generality we assume, from now on, that a is defined as (j){a,e,l) on 
{AnA'^jE, i-e., e, a{e) e Ai, e < E, a{e) < E, and the central supports of e and a{e) in 
{Ai)e are 

The above argument carries over to the weak closure TZ of 7r^(74£;). Note that TZ^ is 
defined as the quotient of l°°{N,7l) by 

/ = {(x„) I lim WxnWr = 0} 

where ||a||^ = T(a*a)^/^, and r is regarded as the tracial state on TZ induced from r on 
Ae- Since r o a\[A D A'2)e is equivalent to t\{A fl A'2)e^ ci extends to a homomorphism 
of 7^n7^^(A2£;)' into 7^n7^^(Al£)', and for x G /°°(N, 7^ n 7r^(A2i?)'), lim„^^ = if 

and only if lim ||Q;(a;„) ||^ = 0. In this way we have the automorphism a^j of IZ^^ = 7Z^ HTZ' 
induced by a which satisfies that o = r^^. 
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Lemma 2.4 Suppose that r o a = \t with A 7^ 1. If 71 = TCri^AE) TZu, etc. 
are as above, then any non-zero power of is properly outer. 

Proof. The proof is similar to the proofs of Lemmas 1 and 2 of [Q. Denote by a the 
automorphism of Ht-{A)" induced by a. Fix n > 2 and let B = 7r^(y4„£;) C TZ. For a 
non-zero projection f & TZ (1 B' we assert that 

m{{\\pa{p)\\ ; ^ p = p* = G 7^ H 5', p< f} = 0. 

Suppose that the above infimum is positive, say 6 > 0. We may suppose that / is 
in one factor direct summand of 7^ fl B'. Let /i be a minimal projection in B such that 
fif 7^ 0. Then any projection p & TZ with p < ffi is of the form p = fip with p a 
projection in f(Jl fl B')f. Hence for any z eTZ we have 

M{\\pf,za{f,)a{p)\\ ; 0^p = p*=p'ennB', p<f} = 0, 

since a is an outer automorphism of iTt-{A)". There is a finite set {Vi, . . . , V^} of unitaries 
in B such that J2i VifiVi* is the central support of /i in B. Since 

^ V,pf,V:a{V,)a{f\)a{p)a{V;) = pa{p) 

and 

\\pa{p)\\ = \\pa{p)a{e)\\ = \\pa{p)a{e)\\ = \\pa{p)\\, 
there exist i,j such that 

\\pf,V:a{V,)a{f^)a{p)\\>5/e, 

which is a contradiction. By using this we can show that a^^ is properly outer (cf. Lemma 
2 of § and §). 

By applying the same argument to a", we obtain that {a^j)" is properly outer for any 

Let D = Ae and suppose that D has a unique tracial state. Let 5 be a finite- 
dimensional subalgebra of D. We say x G -D is independent of B if x & B' and 

T{xy) = r(x)r(?/), y e B. 

Lemma 2.5 Let {Pi, . . . , P^} be the set of minimal central projections of B. Then x G 
D n B' is independent of B if and only if 

T{xPi)=T{x)T{P^, l = l,...,N. 
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Proof. It suffices to show the if part. Since PiDPi ^ PiBPi ® (D n B')Pi, it follows that 
for y e PiBPi 

rjxy) ^ TjxPi) rjy) 
t{P,) ~ t{P,) T{P,y 

Hence T{xy) = t{x)t{ii). This completes the proof. 

Lemma 2.6 Suppose that the dimension group Kq[A) is totally ordered and identified 
with a subgroup ofM. and that Ko{A) — XKo{A) for some A 7^ 1. For any central sequence 
{fk} of projections in Ae there is a central sequence {/^} of projections in Ae such that 
f'k ^ fk, T~{fk — fk)^^) and for any n there is a kn satisfying that f'^ is independent of 
AnE for any k > kn. 

Proof. We may suppose that there is a kn such that fk E {AO A'^)e for k > kn- Let 
{Pi"^^} be the set of minimal central projections in AnE- We can find an Z„ > kn such that 

' ;(n)--nJk)\ < - 



n 



for k > In and all i. We will then define k G {/„, . . . , — 1} as follows: Let 
gk e U^g^A"Z be such that max{0, 7 — l/n}<gifc<7 where 

. r(P/-V,) 
7 = mm 1—^ — • 

Choose a subprojection qk^i oi P-^^ fk in (AnA^)p(n)^^ such that T{qk^i)/T{Pl^^) = gk, and 
let = Y.ilk,!- This is possible because, when [An)p(n) is isomorphic to the x rui 

i 

matrix algebra, 

Ko{{A n Op(n)) = miKo{Apiu)) 

i i 

and when [P/'^''] = 1, Ko{{A n A'^)p(n)) contains U^^^A'^Z for any i. 

i 

Lemma 2.7 Suppose that Ko{A) is totally ordered. Let p E {An A\,)e he a projection 
independent of Then if n — m > I, p, a{p), . . . , are all equivalent in {A n 

A' )f 

Proof. Let {Pi} be the set of minimal central projections in EAn-iE. Then 

= T{Pi)T{p)=T{pP,), 
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since a ^{Pi)e G A„. Hence p is equivalent to a{p) in {A fl A'^_i)e- We just repeat this 
procedure. 

Theorem 2.8 Let A he a stable AF algebra such that Kq{A) is totally ordered and let a 
be an automorphism of A such that t o a = Xt where t is a trace on A (unique up to 
constant multiple) and A 7^ 1. Then a has the Rohlin property. 

Proof. Let E, e be projections in A and U a unitary in A + CI such that e < E and 
AdU oa{e) < E. Let {An} be an increasing sequence of finite-dimensional subalgebras of 
A such that the union U„y4„ is dense in A and E, e, AdU oa{e) G Ai. By taking Adf/oa 
instead of a we now assume that U = 1. For any 5 > we find a unitary V & A + 1 
such that ||y — 1|| < 6 and, by passing to a subsequence of {v4„}, AdV o q;(A„) C 
An+i, (Adl^ o a)~^{An) C An+i for any n (Remark ^.3| ). By perturbing V if necessary 
we may further assume that Ad V o a{e) = a{e). By taking a sufficiently small 5 > we 
may take Ad V^oct for a. Thus we have the following situation: There exists an increasing 
sequence {An} of finite-dimensional subalgebras of A such that the union UnAn is dense 
in A, a{An) C A„+i, a~^(A„) C A„+i, E,e,a{e) G Ai, and e,a(e) < E. The problem 
is to find a set of Rohlin towers as specified in Definition |2.1| . But this follows from 



Lemmas p.4| , p.6| , and |2.71 based on the arguments given in |T3|, Q because we just have 



to prove the (ordinary) Rohlin property for a. Here is an outline. Since 7^^ is a finite von 
Neumann algebra [§, 2.2.1], we know by Lemma 2.3 and 1.2.5] that on TZ^j satisfies 
a Rohlin property. Then by approximating a Rohlin tower in TZ^ by projections in Ae 
we show that the partial endomorphism a of Ae satisfies an approximate Rohlin property 
(Lemmas 2.5 and 2.6 and |T^). But this suffices to conclude the Rohlin property by [|T^, 
Proof of 2.1]. 

Remark 2.9 In the situation of the previous theorem let a be an automorphism of A 
such that = id and any non-zero power is not weakly inner in the tracial representation. 
Then a has the Rohlin property. (See Proposition p.2| or Theorem 4.1 of [0.) 



Remark 2.10 In the above theorem we can make the Rohlin property more specific: In 
Definition |2.1| we may take {k,k + 1} for {ki, . . . , km}- This follows because of Lemma 



2.7 see 



3 Stability 

Theorem 3.1 Let A be a (non-unital) AF algebra and let a be an automorphism of A with 
the Rohlin property. Let e > and let Bi be a finite- dimensional subalgebra of A. Then 
there is a finite- dimensional subalgebras B2 of A such that for any unitary U G Ani?2 + 1 
there is a unitary V e An B[ + l with \\U - Va{y*)\\ < e. 
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The following argument works if A is unital or non-unital; if A is unital, we should 
regard 1 as the unit of A, otherwise 1 as the unit adjoined to A. 

Suppose that there is an increasing sequence {An} of finite-dimensional subalgebras 
of A such that UnAn is dense in A and a~^{An) C An+i, a{An) C An+i for any n. By 
Remark |2.3| the above theorem is an easy consequence of: 

Lemma 3.2 Under the above assumption let U be a unitary in A (1 A'^^ + 1. Then for 
each A; G N there is a unitary V in An A'^_2k + 1 swc/i that \\U — Va(y*)\\ < A/k, where 
Am = {0} for a non-positive m. 

Proof. Let f/ be a unitary in A fl + 1. We may further suppose that there is an 
m > n such that U G A^ + 1. Let F be the identity of A^ and let 

E = sup{a'"(F); -l<m<2k + 1}, 
e = sup{a"(F); -1 < m < 2k}, 

which are projections in Am+2k+i with that e, a(e) < E. For Uj = Ua{U) ■ ■ ■ a^~^{U) 
with j > 0, we have that if < j < /c, 

Uj{l-a{e)) = 1 -a(e). 

For E, e and {k, /c + 1} we find a set of Rohlin towers {ei,o, • • • , ^i^k-i, 62,0, • • • , 62,^} in 
{A n ^m+2/c+i)s- Let wl;'^\ wj;'^^ be paths of unitaries in Am+k H A'^_k + 1 such that 

W^'^ = 1, 

llW^i'^ - W^/'^ll <vr|s-t|, s,tG [0,1], 
iyi')(l-eo) = l-eo, tG[0,l], 

where Cq = sup{a"^(F); < m < /c}. Set 

fc— 1 fc 

which is a unitary in A n A'^_2^ + 1. Since a^{wi'^){l - a{e)) = 1 - a{e) for < j < A;, 
we have 

V{1 - a{e)) = 1 - a(e), a(V)(l - a(e)) = 1 - a(e). 
Hence it follows that 

j=0 
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where the k — I'th summand in the first summation should be understood as 

and the /c'th term in the second as 

UoWi^^a'+\wi^^ya{U*^)e2,oa{e) = Ue^M^)- 

Hence we have that 

||1^q;(1^*) - U\\ < n/k + e{2k + 1), 

where e > is a small number depending on the Rohlin towers we used. This completes 
the proof. 

4 Outer conjugacy 

Theorem 4.1 Let A be an AF algebra and let a and [3 be automorphisms of A with the 
Rohlin property. If = /3* on Kq{A), then for any e > there is an automorphism a of 
A and a unitary U in A + 1 such that a = AdU o a o j3 o cr"^, \\U — 1|| < e, and cr* = id. 

Proof. Note that A can be either unital or non-unital. 

Let e > and let be a dense sequence in the unit ball of A. We shall con- 

struct inductively sequences {A„}, {Bn} of finite-dimensional subalgebras of vl, sequences 
{«„}, {vn} of unitaries in A -|- 1 such that 

1. A^ 9l/n -^1) ■ ■ ■ ) ■^m -^n ^ ^n— 1) 

2. D An., Bji 3 Vn, 

3. /?2n|^2n+l = Ad M2n+1 ° a2n-l|^2n+l, 

4. ain-\\A2n = AdUin ° /32n-2|^2n, 

5. ||M2n+l - V2n+ia2n-l{v2n+l)\\ < 2~^"~^e, V2n+1 £ -B^-H 

6. \\u2n - V2np2n-2{v2n)\\ < 2"^"e, V2n £ B'^^_^, 

7. for any unitary U G An «2n-i(^2n)' + 1 there exists a a unitary V E Af] -B2„_i -|- 1 
such that \\U - Va2n-i{V*)\\ < 2-^""-^, 

8. for any unitary U e An /32n(^2n+i)' + 1 there exists a unitary V E Ad B'2^ -\- 1 such 
that \\U -VI32n{V*)\\ < 2-2"-2e, 
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where An 3s x means that there is a. y E An with ||x — y|| < (5 and 

^0 = {0}, 

a2n+l = AdU2n+l O «2n-l, «-l = «, 
p2n = AdM2„ O P2n~2, Po = P- 

We first construct Ai according to (1). Having constructed 

Al, . . . , A2n+1, Bi, . . . , i?2n, ^i, . . . , U2n, Vi, . . . , V2n, 

we proceed as follows: We choose U2n+i according to (3). Since a2n-i|^2n = P2n\A2n from 
(4) and the definition of P2n above, it follows that U2n+i € «2n-i(^2n)' and so by (7) that 
there is a unitary V2n+i G A fl -B2n-i + 1 satisfying (5). We may assume that there is 
a B2n+i satisfying (2) (for 2?2 + 1 in place of n). Having defined -B2n+i we define A2n+2 
satisfying (1) and (7) (by using Theorem |3?T| ) and choose M2n+2 according to (4). Since 
U2n+2 G /52n(^2n+i)', we define f2n+2 Satisfying (6) by using (8) and assume that there 
is a B2n+2 satisfying (2). We define A2n+z satisfying (1) and (8). This completes the 
induction. 

We note that the union U„y4„ is dense in A and define automorphisms (T„ of A by 

0-2„ = Ad(t;2n^^2n-2 " " - ^2), 
CT2n+l = Kd{v2n+lV2n-l " " "^^l), 

and define 

5-0 = limcr2n, 

n 

5-1 = limcr2„+i. 

n 

Since f,i_2,fn-4, • • • G -B„-2, Vn G B'^_2, and UnBn is dense, they are well-defined. We let 

W2n+1 ~ 'U2n+lOt2n—l{p2n+l)V2n~\-\) W2n ~ U2nl32n-2{v2n)v*2n 

and define unitaries w'nE A + lhy 

W2n = W2nMv2n{w2n-2)M{v2nV2n-2){w2n-4) ' • • Ad(f 2n " " ■f4)(w2), 
U'L+l = W2n+l-^dV2n+l{w2n-l) " " " Ad(t;2n+1 " " " V3,){wi). 

Since — 1|| < 2^"e, both {ti'2n} {^2^+1} converge, say to wq and wi respectively. 
Then Wj's are unitaries in A + 1 such that \\wi — 1|| < e. 
Since Q;2n-i|^2n = /52n|^2n, we havc that 

Ad^„_i o a2n-l o a o a:^^_^\A2n = Ad^^ O cr2n o /5 O a2n\A2n, 

which implies that 

Adwi o (ji o a o erf ^ = Ad Wo o o-q o /3 o a^^. 
This completes the proof. 
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Corollary 4.2 Let A be a stable AF algebra such that Ko{A) is totally ordered and let 
a, (3 be automorphisms of A such that t o a = Xt and t o f3 = \t where t is a trace on 
A and A 7^ 1 . Then for any e > there are an automorphism a of A and a unitary U in 
A + 1 such that ||f/ — 1|| < e, a* = id, and a = Ad U o a o /5 o a^^. 

Proof. This follows from Theorems p^.8| and 

Remark 4.3 In the above corollary the exact conjugacy a = a o f] o for some auto- 
morphism 0" of y4 cannot be expected in general. For example if A is a prime AF algebra 
such that A = A ® }C, where /C is the compact operators on /^(Z), and a is an automor- 
phism of A such that a" is properly outer for any n 0, let ai be the automorphism of 
A defined as a ® 7 through A ® K, = A where 7 = Ad U and U is the shift unitary on 
Z^(Z). Then ai satisfies that for any x,y E A, 

\\aUx)y\\^0 

as n^oo. This property is preserved by conjugacy but not by outer conjugacy. (By 
there exists a faithful ai-covariant irreducible representation of A; by using Kadison's 
transitivity theorem in this irreducible representation it follows that for any e > there 
are an x E A and a unitary U E A + 1 such that < x < 1, =1, ||f/ — 1|| < e, and 
||(Ad[/oai)"(x)a;|| = 1.) 



Remark 4.4 Let A 7^ 1 be a positive number and let 

If {1, A, A^, . . . , } are linearly independent over Q then the quotient Gx/{1 — X)Gx is 
isomorphic to Z and otherwise if {/ G Z[t] \ /(A) = 0} = p{t)Z,[t] with some p{t) G Z[t], 
then Gx/{1 — X)Gx = Z/]9(1)Z. If A is the stable AF algebra with dimension group 
Gx and a is an automorphism of A with a^. = A, then the crossed product A xiq, Z has 
Gx/{1 — X)Gx as Kq and {0} as Ki by the Pimsner-Voiculescu exact sequence Hence 
A Xq Z is isomorphic to a stable Cuntz algebra On ® IC where n is either finite or infinite 
ill, 0,0, 1,0. 
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